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Effect of spins on the quantum entropy of black holes
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By using the Newman-Penrose formalism and ’t Hooft brick-wall model, the quantum entropies
of the Kerr-Newman black hole due to the Dirac and electromagnetic fields are calculated and the
effects of the spins of the photons and Dirac particles on the entropies are investigated. It is shown
that the entropies depend only on the square of the spins of the particles and the contribution of
the spins is dependent on the rotation of the black hole, except that different fields obey different
statistics.
PACS numbers: 04.70.Dy, 04.62.+V, 97.60.Lf.
I. INTRODUCTION
Since Bekenstein and Hawking found that black hole entropy is proportional to the event horizon area by comparing
black hole physics with thermodynamics and from the discovery of black hole evaporation [1]- [3], much effort has
been devoted to the study of the statistical origin of black hole entropy [4] - [27]. ’t Hooft [4] proposed a “brick wall”
model (BWM) in which he argued that black hole entropy is identified with the statistical-mechanical entropy arising
from a thermal bath of quantum fields propagating outside the horizon. In order to eliminate the divergence which
appears due to the infinite growth of the density of states close to the event horizon, ’t Hooft introduces a “brick wall”
cutoff: a fixed boundary Σh near the event horizon within the quantum field does not propagate and the Dirichlet
boundary condition was imposed on the boundary, i.e., the wave function φ = 0 for r = r(Σh). The BWM has been
successfully used in studies of statistical-mechanical entropy arising from scalar fields for static black holes [4], [11],
[16], [22] and stationary axisymmetric black holes [23] [24].
For the electromagnetic field case Kabat [28] studied entropy in Rindler space and found an unexpected surface
term which corresponds to particle paths beginning and ending at the event horizon. This term gives a negative
contribution to the entropy of the system and is large enough to make the total entropy negative at the equilibrium
temperature. However, Iellici and Moretti [29] proved that the surface term is gauge dependent in the four-dimensional
case and therefore can be discarded. Cognola and Lecca [30] studied the statistical-mechanical entropy in the Reissner-
Nordstro¨m black hole spacetime. They showed that there is no such surface term by applying the BWM, and they
found that the leading term of the entropy for the electromagnetic fields is exactly twice the one for a massless scalar
field. The result can be extended to the general static spherical static black holes even if we consider the both a leading
and a sub-leading corrections [31]. However, the question whether or not the result is valid stationary axisymmetric
black holes, say the Kerr and the Kerr-Newman black holes, is still remained open.
On the other hand, Li [32] studied the entropy of the Dirac field in the Reissner-Nordstro¨m black hole by the BWM
and he declared that the entropy depends on the linear term of the spins of the particles. However, the expressions
presented in the Ref. [32] is only valid for each component of the Dirac field. The total entropy of the black hole due
to the Dirac field does not include linear spins terms because the entropy should be sum of the four components of
the fields and then the terms for the spins cancel each other. Liu and Zhao [33] calculated the entropy of the Dirac
field in the Kerr-Newman black hole but they did not consider the sub-leading terms. How do the quantum entropy
relate to the spins of the Dirac particles also is an interesting question and should be studied deeply.
The purpose of this paper is to investigate effects of the spins of the photons and Dirac particles on the statistical
entropy by deducing expressions of the statistical-mechanical entropy arising from the electromagnetic and the Dirac
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fields in the four-dimensional Kerr-Newman black holes.
The paper is organized as follows: In Sec. II, the Dirac field equations are decoupled by introducing the Newman-
Penrose formalism and then the quantum entropy of the Kerr-Newman black hole due to the Dirac field is calculated
by using ’t Hooft’s BWM. In Sec. III, we deduce an expression of the statistical-mechanical entropy of the Kerr-
Newman black hole arising from the electromagnetic field by using the same method as in Sec. II. The last section
devoted to discussions and conclusions.
II. STATISTICAL-MECHANICAL ENTROPY OF THE KERR-NEWMAN
BLACK HOLE DUE TO THE DIRAC FIELD
We now try to find an expression of the statistical-mechanical entropy due to the quantum Dirac fields in the Kerr-
Newman black hole. We first express the decoupled Dirac equation in Newman-Penrose formalism, then we seek the
total number of modes with energy less than E, and after that we calculate a free energy. The statistical-mechanical
entropy of the black hole is obtained by variation of the free energy with respect to the inverse temperature and
setting β = βH .
In Boyer-Lindquist coordinates, the metric of the Kerr-Newman black hole [34] [35] is described by
gtt = −△− a
2sin2θ
Σ
, gtϕ = −asin
2θ(r2 + a2 −△)
Σ
,
grr =
Σ
△ , gθθ = Σ, gϕϕ =
(
(r2 + a2)2 −△a2sin2θ
Σ
)
sin2θ, (2.1)
with
Σ = r2 + a2cos2θ, △ = (r − r+)(r − r−), (2.2)
where r± = M ±
√
M2 −Q2 − a2, and r+, M , Q, and a represent the radius of the event horizon, the mass, the
charge, and the angular momentum per unit mass of the black hole, respectively.
In order to express the Dirac equation in the spacetime (2.1) in the Newman-Penrose formalism, we take covariant
components of the null tetrad vectors as
lµ =
1
△ (△, −Σ, 0, −a△ sin
2θ),
nµ =
1
2Σ
(△, Σ, 0, −a△ sin2θ),
mµ = − ρ¯√
2
(ia sin θ, 0, −Σ, −i(r2 + a2) sin θ),
m¯µ = − ρ√
2
(−ia sin θ, 0, −Σ, i(r2 + a2) sin θ). (2.3)
The nonvanishing spin-coefficients can then be written as [36] [37]
ρ = − 1
r − ia cos θ , β = −
ρ¯cotθ
2
√
2
, π =
iaρ2 sin θ√
2
, τ = − iaρρ¯ sin θ√
2
,
µ =
ρ2ρ¯△
2
, γ = µ+
ρρ¯(r −M)
2
, α = π − β¯, (2.4)
The Dirac equation in a curved spacetime is given by
σiAB′PA;i + iµ0Q¯C
′
εC′B′ = 0,
σiAB′QA;i + iµ0P¯C
′
εC′B′ = 0, (2.5)
where
√
2µ0 is the mass of the particle which will be set to zero in this paper for simplicity, and the matrix σ
i
AB′ is
defined as
2
σiAB′ =
1√
2
[
li mi
m¯i ni
]
. (2.6)
When we let
P0 = −ρψ11e−i(Et−mϕ), P1 = ψ12e−i(Et−mϕ),
Q0 = ψ21e−i(Et−mϕ), Q1 = −ρ¯ψ22e−i(Et−mϕ),
(E = const. m = const.) (2.7)
with
ψ11 = R− 12 (r)Θ−
1
2
(θ), ψ12 = R+ 12 (r)Θ+
1
2
(θ),
ψ21 = R+ 12 (r)Θ−
1
2
(θ), ψ22 = R− 12 (r)Θ+
1
2
(θ), (2.8)
we get the following decoupled Dirac equations [36]
D0 △D†1
2
R+ 12 (r) = λ
2R+ 12 (r),
△D†1
2
D0R− 1
2
(r) = λ2R− 1
2
(r),
L†1
2
L 1
2
Θ+ 12 (θ) + λ
2Θ+ 12 (θ) = 0,
L 1
2
L†1
2
Θ− 12 (θ) + λ
2Θ− 12 (θ) = 0, (2.9)
with
Dn = ∂
∂r
+
iK1
△ + 2n
r −M
△ ,
D†n =
∂
∂r
− iK1△ + 2n
r −M
△ ,
Ln = ∂
∂θ
+K2 + n cot θ,
L†n =
∂
∂θ
−K2 + n cot θ. (2.10)
where K1 = (r
2 + a2)E −ma and K2 = aE sin θ − msin θ . The Eqs. (2.9) can be explicitly expressed as
△d
2Rs
dr2
+ 3(r −M)dRs
dr
+
[
2s+ 4isrE +
K21 − 2isK1(r −M)
△ − λ
2
]
Rs = 0, (s = +
1
2
),
△d
2Rs
dr2
+ (r −M)dRs
dr
+
[
+4isrE +
K21
△ −
2isK1(r −M)
△ − λ
2
]
Rs = 0, (s = −1
2
),
d2Θs
dθ2
+ cot θ
dΘs
dθ
+
[
2maE − a2E2 sin2 θ − m
2
sin2 θ
+2asE cos θ +
2sm cos θ
sin2 θ
− s− s2 cot2 θ + λ2
]
Θs = 0, (s = +
1
2
),
d2Θs
dθ2
+ cot θ
dΘs
dθ
+
[
2maE − a2E2 sin2 θ − m
2
sin2 θ
+2asE cos θ +
2sm cos θ
sin2 θ
+ s− s2 cot2 θ + λ2
]
Θs = 0, (s = −1
2
),
(2.11)
here and hereafter s = ± 12 represents the spin of the Dirac particles. For explicit calculation of the free energy we
adopt the following WKB approximation. We now rewrite the mode functions as
R± 12 (r) = R˜±
1
2
(r)e−ikrr,
Θ± 12 (θ) = Θ˜±
1
2
(θ)e−ikθθ, (2.12)
3
and suppose that the amplitudes R˜± 12 (r) and Θ˜±
1
2
(θ) are slowly varying functions:∣∣∣∣∣ 1R˜± 12
dR˜± 12
dr
∣∣∣∣∣≪ |kr|,
∣∣∣∣∣ 1R˜± 12
d2R˜± 12
dr2
∣∣∣∣∣≪ |kr|2,∣∣∣∣∣ 1Θ˜± 12
dΘ˜± 12
dr
∣∣∣∣∣≪ |kθ|,
∣∣∣∣∣ 1Θ˜± 12
d2Θ˜± 12
dr2
∣∣∣∣∣≪ |kθ|2. (2.13)
Thus, from Eqs. (2.8) and (2.11) we obtain
ψ11 : k11(E,m, ks(θ), r, θ)
2 =
[
(r2 + a2)E −ma]2
△2 +
1
△
(
2maE − a2E2 sin2 θ − m
2
sin2 θ
−ks(θ)2 + 2saE cos θ + 2sm cos θ
sin2 θ
+ s− s2cot2θ
)
, (s = −1
2
), (2.14)
ψ12 : k12(E,m, ks(θ), r, θ)
2 =
[
(r2 + a2)E −ma]2
△2 +
1
△
(
2maE − a2E2 sin2 θ − m
2
sin2 θ
−ks(θ)2 + 2saE cos θ + 2sm cos θ
sin2 θ
+ s− s2cot2θ
)
, (s = +
1
2
), (2.15)
ψ21 : k21(E,m, ks(θ), r, θ)
2 =
[
(r2 + a2)E −ma]2
△2 +
1
△
(
2maE − a2E2 sin2 θ − m
2
sin2 θ
−ks(θ)2 + 2saE cos θ + 2sm cos θ
sin2 θ
− s− s2cot2θ
)
, (s = −1
2
), (2.16)
ψ22 : k22(E,m, ks(θ), r, θ)
2 =
[
(r2 + a2)E −ma]2
△2 +
1
△
(
2maE − a2E2 sin2 θ − m
2
sin2 θ
−ks(θ)2 + 2saE cos θ + 2sm cos θ
sin2 θ
− s− s2cot2θ
)
, (s = +
1
2
), (2.17)
Therefore, for each component ψij of the Dirac field the number of modes with E, m and kθ takes the form [38]
nij(E,m, ks(θ)) =
1
π
∫
dθ
∫ L
rH+h
drkij(E,m, ks(θ), r, θ), (2.18)
here we introduce the ’t Hooft brick-wall boundary condition. In this model the Dirac filed wave functions are cut off
outside the horizon, i.e., ψij = 0 at Σh which stays at a small distance h from the event horizon r+. There is also an
infrared cutoff ψij = 0 at r = L with L≫ r+.
It is known that “a physical space” must be dragged by the gravitational field with an azimuth angular velocity
ΩH in the stationary axisymmetric space-time [39]. Apparently, a quantum Dirac field in thermal equilibrium at
temperature 1/β in the Kerr-Newman black hole must be dragged too. Therefore, it is rational to assume that the
Dirac field is rotating with angular velocity Ω0 = ΩH near the event horizon. For such an equilibrium ensemble of
states of the Dirac field, the free energy can be expressed as
βF =
∫
dm
∫
dpθ
∫
dn(E,m, pθ)ln
[
1 + e−β(E−Ω0m)
]
=
∫
dm
∫
dpθ
∫
dn(E +Ω0m,m, pθ)ln
(
1 + e−βE
)
= −β
∫
dm
∫
dpθ
∫
n(E +Ω0m,m, pθ)
eβE + 1
dE
= −β
∫
n(E)
eβE + 1
dE, (2.19)
with
n(E) =
∑
s
∫
dm
∫
dks(θ)
∫
nij(E +Ω0m,m, ks(θ)), (2.20)
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where the function n(E) presents the total number of modes with energy less than E.
It is interesting to note that Eqs. (2.14)-(2.17) can be rewritten as
k11 =
√
−grrgϕϕ
gttgϕϕ − g2tϕ
{
(E −mΩ)2 +
(
gtt −
g2tϕ
gϕϕ
)[
ks(θ)
2
gθθ
+
(
m√
gϕϕ
− s
√
gϕϕ cos θ
gθθ sin
2 θ
)2
+
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ − s
gθθ
(1− 2aE cos θ)
]}1/2
, (s = −1
2
), (2.21)
k12 =
√
−grrgϕϕ
gttgϕϕ − g2tϕ
{
(E −mΩ)2 +
(
gtt −
g2tϕ
gϕϕ
)[
ks(θ)
2
gθθ
+
(
m√
gϕϕ
− s
√
gϕϕ cos θ
gθθ sin
2 θ
)2
+
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ − s
gθθ
(1− 2aE cos θ)
]}1/2
, (s = +
1
2
), (2.22)
k21 =
√
−grrgϕϕ
gttgϕϕ − g2tϕ
{
(E −mΩ)2 +
(
gtt −
g2tϕ
gϕϕ
)[
ks(θ)
2
gθθ
+
(
m√
gϕϕ
− s
√
gϕϕ cos θ
gθθ sin
2 θ
)2
+
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ +
s
gθθ
(1 + 2aE cos θ)
]}1/2
, (s = −1
2
), (2.23)
k22 =
√
−grrgϕϕ
gttgϕϕ − g2tϕ
{
(E −mΩ)2 +
(
gtt −
g2tϕ
gϕϕ
)[
ks(θ)
2
gθθ
+
(
m√
gϕϕ
− s
√
gϕϕ cos θ
gθθ sin
2 θ
)2
+
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ +
s
gθθ
(1 + 2aE cos θ)
]}1/2
, (s = +
1
2
), (2.24)
In above equations function Ω ≡ − gtϕgϕϕ and its value on the event horizon is equal to ΩH . Thus, we have
n11(E) =
1
π
∫
dθ
∫ L
r++h
dr
∫
dm
∫
dks(θ) k11(E +Ω0m,m, ks(θ))
=
1
3π
∫
dθ
∫ rE
r++h
dr
√−g[(
gtt − g
2
tϕ
gϕϕ
)(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ−g2tϕ
)]2
{
E2 +
(
gtt −
g2tϕ
gϕϕ
)
·
(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ − g2tϕ
)[
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ − s
gθθ
(1− 2aE cos θ)
]} 3
2
≈ 1
3π
∫
dθ
∫ rE
r++h
dr
√−g[(
gtt − g
2
tϕ
gϕϕ
)(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ−g2tϕ
)]2
{
E3 +
3E
2
(
gtt −
g2tϕ
gϕϕ
)
·
(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ − g2tϕ
)[
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ − s
gθθ
(1− 2aE cos θ)
]}
, (2.25)
n21(E) =
1
π
∫
dθ
∫ L
r++h
dr
∫
dm
∫
dks(θ) k21(E +Ω0m,m, ks(θ))
=
1
3π
∫
dθ
∫ rE
r++h
dr
√−g[(
gtt − g
2
tϕ
gϕϕ
)(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ−g2tϕ
)]2
{
E2 +
(
gtt −
g2tϕ
gϕϕ
)
·
(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ − g2tϕ
)[
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ +
s
gθθ
(1 + 2aE cos θ)
]} 3
2
≈ 1
3π
∫
dθ
∫ rE
r++h
dr
√−g[(
gtt − g
2
tϕ
gϕϕ
)(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ−g2tϕ
)]2
{
E3 +
3E
2
(
gtt −
g2tϕ
gϕϕ
)
·
(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ − g2tϕ
)[
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ +
s
gθθ
(1 + 2aE cos θ)
]}
, (2.26)
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n12(E) takes same form as n11(E) but with different value, so does n22(E) with n21(E). In above calculations the
integrations of the m and ks(θ) are taken only over the value for which the square root of kij(E + Ω0m,m, ks(θ))
2
exists.
Inserting nij(E) listed above into Eq. (2.20) we get
n(E) = n11(E) + n12(E) + n21(E) + n22(E)
=
4
3π
∫
dθ
∫ rE
r++h
dr
√−g[(
gtt − g
2
tϕ
gϕϕ
)(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ−g2tϕ
)]2
{
E3 +
3E
2
(
gtt −
g2tϕ
gϕϕ
)
·
(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ − g2tϕ
)[
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ
]}
. (2.27)
We should note that although there are terms of s and s2 in each component of the modes, nij , the total number of
the modes only depend on quadratic terms s2 since all linear terms of s are counteracted each other.
Taking the integration of the r in Eq. (2.27) for the case Ω0 = ΩH we have
n(E) =
4
3π
(
βH
4π
)3 ∫
dθ
{√
gθθgϕϕ
[
1
h
∂grr
∂r
− C(r, θ) ln L
h
]}
r+
+
2s2E
π
(
βH
4π
)∫
dθ
[√
gθθgϕϕ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ
gθθ
]
r+
ln
L
h
, (2.28)
with
C(r, θ) =
∂2grr
∂r2
+
3
2
∂grr
∂r
∂ ln f
∂r
− 2π
βH
√
f
(
1
gθθ
∂gθθ
∂r
+
1
gϕϕ
∂gϕϕ
∂r
)
− 2gϕϕ
f
[
∂
∂r
(
gtϕ
gϕϕ
)]2
,
(2.29)
where f ≡ −grr
(
gtt − gtϕ2gϕϕ
)
.
Substituting Eq. (2.28) into Eq. (2.19) and then taking the integration over E we find the total free energy
βF =
−7
16× 360
(
βH
β
)3 ∫
dθ
[√
gθθgϕϕ
(
1
h
∂grr
∂r
− C(r, θ) ln L
h
)]
r+
− s
2
24
(
βH
β
)∫
dθ
[√
gθθgϕϕ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ
gθθ
]
r+
ln
L
h
. (2.30)
In order to simplify the expression we set δ2 = 2ǫ
2
15 and Λ
2 = Lǫh as we did in Refs. [22] and [16] [where δ =∫ r++h
r+
√
grrdr ≈ 2
√
h/
(
∂grr
∂r
)
r+
is the proper distance from the horizon to Σh, ǫ is the ultraviolet cutoff, and Λ is
the infrared cutoff [9] [21]]. Using the formula S = β2 ∂F∂β and noting that the area of the event horizon is given by
AH =
∫
dϕ
∫
dθ
{√
gθθgϕϕ
}
rH
, we obtain the following expression of the entropy
SD =
7AH
96πǫ2
− 7
720
∫
dθ
{√
gθθgϕϕ
[
∂2grr
∂r2
+
3
2
∂grr
∂r
∂ ln f
∂r
− 2π
β
√
f
(
1
gθθ
∂gθθ
∂r
+
1
gϕϕ
∂gϕϕ
∂r
)
− 2gϕϕ
f
(
∂
∂r
gtϕ
gϕϕ
)2]}
r+
ln
Λ
ǫ
+
s2
6
∫
dθ
[√
gθθgϕϕ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ
gθθ
]
r+
ln
Λ
ǫ
.
(2.31)
Substituting the metric (2.1) into Eq. (2.31) and then taking the integrations of the θ we find that the statistical-
mechanical entropy of the Kerr-Newman black hole due to the Dirac field is given by
SD =
7
2
(
AH
48πǫ2
+
1
45
{
1− 3Q
2
4r2+
[
1 +
r2+ + a
2
ar+
arctan
(
a
r+
)]}
ln
Λ
ǫ
)
+
s2
6
[
1− r
2
+ + a
2
ar+
arctan
(
a
r+
)]
ln
Λ
ǫ
, (2.32)
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where AH = 4π(r
2
+ + a
2) is area of the event horizon.
III. STATISTICAL-MECHANICAL ENTROPY OF THE KERR-NEWMAN
BLACK HOLE DUE TO THE ELECTROMAGNETIC FIELD
We now use the same procedure to study statistical-mechanical entropy due to quantum electromagnetic fields in
the Kerr-Newman black hole.
In the Newman-Penrose formalism, the antisymmetric Maxwell tensor, Fµν , is replaced by the complex scalars φi
[37]. Substituting spin-coefficients into Maxwell equations, F[µν;γ] = 0 and F
µν
;ν = 0, and then letting
Φ0 = φ0 = R+1(r)Θ+1(θ)e
−i(Et−mϕ),
Φ2 =
2φ2
ρ¯2
= R−1(r)Θ−1(θ)e
−i(Et−mϕ), (3.1)
after some calculations we obtain the decoupled equations [36]
(△D1D†1 − 2iEr)R+1(r) = λR+1(r),
(△D†0D0 + 2iEr)R−1(r) = λR−1(r),
(L†0L1 + 2aE cos θ)Θ+1(θ) = −λΘ+1(θ),
(L0L†1 − 2aE cos θ)Θ−1(θ) = −λΘ−1(θ), (3.2)
where functions Dn, D†n, Ln, and L†n are defined by Eq. (2.10). The Eq. (3.2) can be explicitly shown as
△d
2Rs
dr2
+ 4(r −M)dRs
dr
+
[
2s+ 4isrE +
K21
△ −
2isK1(r −M)
△ − λ
]
Rs = 0, (s = +1),
△d
2Rs
dr2
+
[
+4isrE +
K21
△ −
2isK1(r −M)
△ − λ
]
Rs = 0, (s = −1),
d2Θs
dθ2
+ cot θ
dΘs
dθ
+
[
2maE − a2E2 sin2 θ − m
2
sin2 θ
+2asE cos θ +
2sm cos θ
sin2 θ
− s− s2 cot2 θ + λ
]
Θs = 0, (s = +1),
d2Θs
dθ2
+ cot θ
dΘs
dθ
+
[
2maE − a2E2 sin2 θ − m
2
sin2 θ
+2asE cos θ +
2sm cos θ
sin2 θ
+ s− s2 cot2 θ + λ
]
Θs = 0, (s = −1),
(3.3)
where K1 and K2 possess the same value as that of the Dirac field. Taking the WKB approximation we know that
k(+1) for Φ0 and k(−1) for Φ2 possesses same form, which can expressed be as
ks(E,m, ks(θ), r, θ)
2 =
[
(r2 + a2)E −ma]2
△2 +
1
△
(
2maE − a2E2 sin2 θ − m
2
sin2 θ
−ks(θ) + 2saE cos θ + 2sm cos θ
sin2 θ
+ s− s2cot2θ
)
,
(s = +1 for Φ0, and s = −1 for Φ2), (3.4)
Therefore, for each component of the electromagnetic field the number of modes with E is
ns(E) =
1
π
∫
dθ
∫ L
r++h
dr
∫
dm
∫
dks(θ) ks(E +Ω0m,m, ks(θ))
7
=
1
3π
∫
dθ
∫ rE
r++h
dr
√−g[(
gtt − g
2
tϕ
gϕϕ
)(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ−g2tϕ
)]2
{
E2 +
(
gtt −
g2tϕ
gϕϕ
)
·
(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ − g2tϕ
)[
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ − s
gθθ
(1 + 2aE cos θ)
]} 3
2
≈ 1
3π
∫
dθ
∫ rE
r++h
dr
√−g[(
gtt − g
2
tϕ
gϕϕ
)(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ−g2tϕ
)]2
{
E3 +
3E
2
(
gtt −
g2tϕ
gϕϕ
)
·
(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ − g2tϕ
)[
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ − s
gθθ
(1 + 2aE cos θ)
]}
, (3.5)
The integrations of the m and ks(θ) are taken only over the value for which the square root of k
2
ij exists. Therefore,
the total number of modes of the electromagnetic field with E is given by
n(E) = n+1(E) + n−1(E)
=
2
3π
∫
dθ
∫ rE
r++h
dr
√−g[(
gtt − g
2
tϕ
gϕϕ
)(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ−g2tϕ
)]2
{
E3 +
3E
2
(
gtt −
g2tϕ
gϕϕ
)
·
(
1 +
gϕϕ2(Ω−Ω0)2
gttgϕϕ − g2tϕ
)[
s2
gθθ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ
]}
. (3.6)
The linear terms of the spin s are also eliminated in the total number of the modes. Carrying out the integration of
the r in Eq. (3.6) for the case Ω0 = ΩH we obtain
n(E) =
2
3π
(
βH
4π
)3 ∫
dθ
{√
gθθgϕϕ
[
1
h
∂grr
∂r
− C(r, θ) ln L
h
]}
r+
+
s2E
π
(
βH
4π
)∫
dθ
[√
gθθgϕϕ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ
gθθ
]
r+
ln
L
h
, (3.7)
where C(r, θ) is given by Eq. (2.29).
Substituting Eq. (3.7) into formula of the free energy
βF = −β
∫
n(E)
eβE − 1 , (3.8)
and then taking the integration over E we find
βF =
−1
45× 32
(
βH
β
)3 ∫
dθ
[√
gθθgϕϕ
(
1
h
∂grr
∂r
− C(r, θ) ln L
h
)]
r+
− s
2
24
(
βH
β
)∫
dθ
[√
gθθgϕϕ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ
gθθ
]
r+
ln
L
h
. (3.9)
From which we obtain the statistical-mechanical entropy
SM =
AH
24πǫ2
− 1
180
∫
dθ
{√
gθθgϕϕ
[
∂2grr
∂r2
+
3
2
∂grr
∂r
∂ ln f
∂r
− 2π
β
√
f
(
1
gθθ
∂gθθ
∂r
+
1
gϕϕ
∂gϕϕ
∂r
)
−2gϕϕ
f
(
∂
∂r
gtϕ
gϕϕ
)2]}
r+
ln
Λ
ǫ
+
s2
6
∫
dθ
[√
gθθgϕϕ
(
1− gϕϕ
gθθ sin
2 θ
)
cot2 θ
gθθ
]
r+
ln
Λ
ǫ
.
(3.10)
By using the metric (2.1) and Eq. (3.10) and then taking the integrations of the θ we final find following expression
for the statistical-mechanical entropy of the Kerr-Newman black hole due to the electromagnetic field
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SM = 2
(
AH
48πǫ2
+
1
45
{
1− 3Q
2
4r2+
[
1 +
r2+ + a
2
ar+
arctan
(
a
r+
)]}
ln
Λ
ǫ
)
+
s2
6
[
1− r
2
+ + a
2
ar+
arctan
(
a
r+
)]
ln
Λ
ǫ
. (3.11)
IV. DISCUSSION AND SUMMARY
The statistical entropies of the Kerr-Newman black hole arising from the Dirac and electromagnetic fields are
studied. First, the null tetrad is introduced in order to decouple Dirac and Maxwell equations. Then, from the
decoupled equations we find the total number of the modes of the fields by taking the WKB approximation. Last, the
free energies are worked out and the expressions of the quantum entropies are presented by Eqs. (2.31) and (3.10) or
explicitly by Eqs. (2.32) and (3.11). Several special properties of the entropies are listed in order:
a) The entropies depend on the spins of the particles just in quadratic term s2 except different spin field obey
different statistics. We know from each component of the Dirac and electromagnetic fields (say, ψ11 or Φ0) that
the number of modes for every component field contains both terms of the s and s2. However, the linear terms of
s are eliminated each other when we sum up all components to get the total number of modes. Of course, if we
study entropy for single component of the Dirac or electromagnetic fields the result would include both the linear and
quadratic terms of the spins.
b) The contribution of the spin to the entropies is dependent of the rotation of the black hole or non-spherical
symmetry of the spacetimes. For the static spherical symmetric black holes, such as the Reissner-Nordstro¨m and the
Schwarzschild black holes, we know from the following limitation
lim
a→0
[
1− r
2
+ + a
2
ar+
arctan
(
a
r+
)]
= 0, (4.1)
that the contribution of the spins of the particles in the results (2.32) and (3.11) vanishes. The result shows that the
spins of the particles affect the statistical-mechanical entropy of the black hole only if interaction between the spins
of the particles and the rotation of the black hole takes place for the Kerr-Newman black hole. We also know from
the results (2.31) and (3.10) that the term of s2 would be non-zero for a static non-spherical symmetric black holes,
such as the Schwarzschild black hole with a cosmic string [40].
c) The contribution of the spins of the particles to the quantum entropy of the Kerr black hole takes the same form
as that of the Kerr-Newman black hole. Equations (2.32) and (3.11) show that the entropies of the Kerr black hole
due to the Dirac and electromagnetic fields are, respectively, given by
SDirac,Kerr =
7
2
(
AH
48πǫ2
+
1
45
ln
Λ
ǫ
)
+
s2
6
[
1− r
2
+ + a
2
ar+
arctan
(
a
r+
)]
ln
Λ
ǫ
, (4.2)
SEM,Kerr = 2
(
AH
48πǫ2
+
1
45
ln
Λ
ǫ
)
+
s2
6
[
1− r
2
+ + a
2
ar+
arctan
(
a
r+
)]
ln
Λ
ǫ
. (4.3)
The results are different from quantum entropy of the Kerr black hole caused by the scalar field which coincides with
that of the Schwarzschild black hole [27], i.e., SScalar,Kerr =
AH
48πǫ2 +
1
45 ln
Λ
ǫ . We learn from Eqs. (2.32), (3.11), (4.2),
and (4.3) that the contribution of the spins of the particles to the entropy of the Kerr black hole possesses the exactly
same form as that of the Kerr-Newman black hole.
d) For the static spherical symmetric black holes, such as the Reissner-Nordstro¨m and the Schwarzschild black
holes, the quantum entropies arising from the Dirac field is 7/2 times that of the scalar field, and the entropy due
to the electromagnetic field is exactly twice the one for a scalar field. The properties can be easily found from Eqs.
(2.32) and (3.11) and clause b) listed above. For the electromagnetic field the result agrees with that of the Ref. [30]
[31] in which the Maxwell equations are expressed in terms of a couple of scalar fields satisfying Klein-Gordon-like
equations.
In summary, starting from the Dirac and electromagnetic fields, the effects of the spins on the statistical-mechanical
entropies of the Kerr-Newman, the Kerr, the static black holes are investigated. It is shown that the quantum entropies
of the black holes depend on the spins of the particles just in quadratic term of the spins, and the contribution of the
spins of the photons and Dirac particles is dependent of the rotation of the black hole and the non-spherical symmetry
of the spacetime since the terms for the spins in the entropy vanishes as the rotation of the black hole tends to zero
and the spacetime becomes spherical symmetry.
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